In this article, we investigate some new reverse Hölder-type inequalities on an arbitrary time scale via the diamond-α dynamic integral, which is defined as a linear combination of the delta and nabla integrals. These inequalities extend some known dynamic inequalities on time scales, unify and extend some continuous inequalities and their corresponding discrete analogues.
Introduction
We start from the famous Young inequality [5, 10, 15, 16] :
for positive numbers a, b and v ∈ [0, 1]. The inequality (1.1) is also called v-weighted arithmetic-geometric mean inequality and its reverse inequality with Specht's ratio was given in [1] by
for positive numbers a, b and v ∈ [0, 1], where the Specht's ratio [9, 20] is defined by
e log h We review some properties of the Specht's ratio. See [9, 20, 22] for the proof and details:
• S(1) = 1 and S(h) = S(1/h) > 1 for h > 0.
• S(h) is a monotone increasing function on (1, ∞).
• S(h) is a monotone decreasing function on (0, 1).
The well-known classical Hölder's inequality [5, 10, 15, 16] 
where {a i } n i=1 and {b i } n i=1 are nonnegative real sequences and p, q ∈ R with p > 1 and 
where
By replacing f p and g q by f and g, respectively, inequality (1.4) can be rewritten as:
Hölder's inequality is an important tool in different branches of modern mathematics such as classical real and complex analysis, numerical analysis, probability and differential equations. Since its discovery, it has been studied widely and has been generalized on many ways, see [1, 4, 13, 14, 17, 18, 24, 25] . Some reverse versions of Hölder's inequality were established in [8, 21, 23, 26] .
The theory of time scales, which has recently received a lot of attention, was initiated by Hilger in his PhD thesis in order to unify discrete and continuous analysis [11] . The general idea is to prove a result for a dynamic equation or a dynamic inequality where the domain of the unknown function is a so called time scale T, which may be an arbitrary closed subset of the real numbers R see [6, 7] . The three most popular examples of calculus on time scales are differential calculus, difference calculus, and quantum calculus (see [12] ), i.e., when T = R, T = N and T = q N 0 = {q t : t ∈ N 0 } where q > 1. The book on the subject of time scales by Bohner and Peterson [6] summarizes and organizes much of time scale calculus. During the past decade a number of dynamic inequalities has been established by some authors which are motivated by practical problems, for example, when studying the behavior of solutions of certain class of dynamic equations on a time scale T, see [2, 3, 6] , and the references cited therein.
In this paper, we prove some reverse Hölder inequalities with Specht's ratio using the diamond-α derivative on time scales and give their continuous and discrete analogues. The diamond-α derivative reduces to the standard ∆ derivative for α = 1, or the standard ∇ derivative for α = 0. We refer the reader to [19] for an account of the calculus corresponding to the diamond-α dynamic derivative. The paper is organized as follows. In Section 2, some basic concepts of the calculus on time scales and useful lemmas are introduced. In Section 3, we state and prove the main results.
Preliminaries and lemmas on time scales
First, we will present some preliminaries on calculus of time scales and some universal symbols used in this article. Throughout the paper R denotes the set of real numbers, R + 0 = [0, ∞), and Z denotes the set of integers. A time scale T is an arbitrary nonempty closed subset of the real numbers. We assume throughout that T has the topology that it inherits from the standard topology on the real numbers R. For t ∈ T, first we define the forward jump operator σ : T → T by:
and second, the backward jump operator ρ : T :→ T by:
where sup ∅ = inf T. A point t ∈ T with inf T < t < sup T is said to be left-dense if ρ(t) = t and is right-dense if σ(t) = t, points that are simultaneously right-dense and left-dense are said to be dense, t is left-scattered if ρ(t) < t and right-scattered if σ(t) > t, points that are simultaneously right-scattered and left-scattered are said to be isolated. A function g : T → R is said to be right-dense continuous (rd-continuous) provided g is continuous at right-dense points and at left-dense points in T, left hand limits exist and are finite. The set of all such rd-continuous functions is denoted by C rd (T). A function f : T → R is said to be left-dense continuous (ld-continuous) provided f is continuous at left-dense points and at right-dense points in T, right-hand limits exist and are finite. The set of all such ld-continuous functions is denoted by C ld (T).
The forward and backward graininess functions µ and ν for a time scale T are defined by µ(t) := σ(t) − t and ν(t) := t − ρ(t), respectively.
Given a time scale T, we introduce the sets T κ , T κ , and T κ κ as follows. If T has a left-scattered maximum t 1 , then T κ = T − {t 1 }, otherwise T κ = T. If T has a right-scattered minimum t 2 , then
T → R be a real valued function on a time scale T. Then ∀ t ∈ T κ , we define f ∆ (t) to be the number (if it exists) with the property that for any given ε > 0 there is a neighborhood U of t such that
In this case we say that f is delta differentiable on T κ provided f ∆ (t) exists for all t ∈ T κ . Similarly, ∀ t ∈ T κ , we define f ∇ (t) to be the number (if it exists) with the property that for any given ε > 0 there is a
In this case we say that f is nabla differentiable on
A time scale T is said to be regular if the following two conditions are satisfied simultaneously: (1) σ(ρ(t)) = t, and (2) ρ(σ(t)) = t, ∀ t ∈ T. The product and the quotient rules for the derivative of the product fg and the quotient f/g (where g(t)g σ (t) = 0, here g σ = g • σ ) of two differentiable functions f and g, are given as the following:
and f g
We will frequently use the following useful relations between calculus on time scales T and differential calculus on R, difference calculus on Z, and quantum calculus on q N 0 . Note that if (i) T = R, then
It can be shown (see [6] ) that if g ∈ C rd (T), then the Cauchy integral G(t) := t t 0 g(s)∆s exists, t 0 ∈ T, and satisfies G ∆ (t) = g(t), t ∈ T. An infinite integral is defined as . Let f : R → R be continuously differentiable and suppose g : T → R is delta differentiable. Then f • g : T → R is delta differentiable and the formula
holds.
Lemma 2.3 ([6, Exercise 1.23 on page 9]). Assume that f : T → R is delta differentiable at t ∈ T κ . Then
Lemma 2.4 ([6, Theorem 1.16 on page 5]). Assume that f : T → R is delta differentiable at t ∈ T κ . Then
Now, we briefly introduce the diamond-α dynamic derivative and the diamond-α dynamic integral, and we refer the reader to [19] for a comprehensive development of the calculus of the diamond-α dynamic derivative and the diamond-α dynamic integration.
Let T be a time scale and f(t) be differentiable on T in the ∆ and ∇ senses. For t ∈ T , we define the diamond-α dynamic derivative f ♦ α (t) by
Thus f is diamond-α differentiable if and only if f is ∆ and ∇ differentiable. The diamond-α derivative reduces to the standard ∆ derivative for α = 1, or the standard ∇ derivative for α = 0. On the other hand, it represents a weighted dynamic derivative for α ∈ (0, 1). Furthermore, the combined dynamic derivative offers a centralized derivative formula on any uniformly discrete time scale
(ii) for any constant c, cf : T → R is diamond-α differentiable at t ∈ T with
Let a, t ∈ T, and h : T → R. Then the diamond-α integral from a to t of h is defined by
We may notice that the ♦ α integral is a combined ∆ and ∇ integral. In general, we do not have
Let a, b, t ∈ T, c ∈ R. Then (i)
Now we are ready to state and prove our main results.
Main results
Throughout this section, T is an arbitrary time scale, neither f ≡ 0, g ≡ 0 nor h ≡ 0 and we assume that all integrals converge. 
and S(.) is the Specht's ratio.
Proof. Letting
By integrating both sides over t from a to b, we obtain
which is the desired inequality. This completes the proof.
Corollary 3.2. When h(t)
As a special case of Theorem 3.1, if T = R and using the relations (2.1), we get the following continuous result.
Remark 3.4. If we take h(t) = 1 in Corollary 3.3 we obtain Theorem 1.4 due to Zhao and Cheung [27] .
As a special case of Theorem 3.1, if T = Z and using the relations (2.2), we get the following discrete result.
Corollary 3.5. Let f(n), g(n)
, and h(n) be nonnegative real sequences. If
Proof. Assume that p < 0 (the proof when q < 0 is similar). Set P = −p q and Q = 1 q . Then
Setting F(t) = f −q and G(t) = f q g q in the last inequality, we get
This completes the proof.
As a special case of Theorem 3.6, if T = R and using the relations (2.1), we get the following continuous result.
As a special case of Theorem 3.6, if T = Z and using the relations (2.2), we get the following discrete result. Corollary 3.8. Let f(n) and g(n) be nonnegative real sequences. If
Proof. From (1.5), we have
, and so
Hence, the inequality (3.2) is proved.
As a special case of Theorem 3.9, if T = R and using the relations (2.1), we get the following continuous result.
As a special case of Theorem 3.9, if T = Z and using the relations (2.2), we get the following discrete result.
Corollary 3.11. Let f(n) and g(n) be nonnegative real sequences such that 0 < m 
Proof. From (1.4), we have
Since m
Also since
Combining (3.3), (3.4), and (3.5), we get
As a special case of Theorem 3.12, if T = R and using the relations (2.1), we get the following continuous result. 
As a special case of Theorem 3.12, if T = Z and using the relations (2.2), we get the following discrete result.
Corollary 3.14. Let f(n) and g(n) be nonnegative real sequences such that 0 < m
Now we give a two-dimensional reverse Hölder's inequality with Specht's ratio.
Proof. and the desired inequality follows. This completes the proof.
As a special case of Theorem 3.15, if T = R and using the relations (2.1), we get the following continuous result. h(t, s)g q (t, s)dsdt.
As another special case of Theorem 3.15, if T = Z and using the relations (2.2), we get the following discrete result. 
